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Abstract

We develop an overlapping generations model that incorporates agents’ time inconsistency,
educational loans, and human capital accumulation. Using this model, we show that an increase

in present bias raises the growth-maximizing educational subsidy.
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1 Introduction

Models with agents’ present bias yield different results from those without it. For example, Krusell
et al. (2002) show that agents with hyperbolic discounting (i.e., present-biased preferences) have
lower saving rates than those without such preferences, resulting in lower aggregate capital ac-
cumulation. This indicates that present bias affects other intertemporal decision-making as well.
Therefore, in this paper, we focus on educational loans. In the US and Japan, many students face

intertemporal decisions, such as whether to pursue education using student loans. This implies that
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time inconsistency stemming from present bias may influence aggregate human capital accumula-
tion and economic growth. To analyze these effects, we develop an overlapping generations model
with agents’ time inconsistency, as follows.

Agents in the model live for three periods and accumulate human capital by investing their time
and goods—financed by educational loans—during the first period. In the second period, they earn
labor income, save, and repay their loans. In the final period, they consume their savings. The
government provides subsidies to reduce the agents’ loan burdens. A key assumption we introduce
is the presence of agents with hyperbolic discounting (50) preferences, as in Laibson (1997). This
extension allows us to analyze the effects of hyperbolic discounting on economic growth and the
role of educational subsidies.

The main contribution of this paper is the finding that a stronger present bias (i.e., increased
impatience) raises the growth-maximizing subsidy rate. This result arises because more impatient
agents invest less in education and accumulate less human capital. Consequently, economic growth
declines, requiring higher subsidies to restore it.

Next, we mention the related literature. The market structure in Boldrin and Montes (2005)
closely resembles that in our model. They examine the case of time-consistent agents and focus
on dynamic inefficiency. In contrast, we study the case of time-inconsistent agents and analyze the
role of educational subsidies. Our study thus complements theirs. Hiraguchi (2016) also analyzes
a model in which agents exhibit hyperbolic discounting, as in our setting. However, his model
assumes that human capital is accumulated solely through time investment. In contrast, our model
incorporates both time and goods (i.e., loans), allowing us to consider the role of educational loans

more explicitly. Hence, our study complements his as well.

2 The model

2.1 Individuals

Time is discrete and denoted by ¢t = 0,1,2,---. Each individual lives for three periods (childhood,
adulthood, and old age). In the first period (childhood), individuals decide how much to invest in
their own education and borrow z;_1 units of funds necessary for that investment. Additionally,

individuals decide how much time to devote to education. In the second period (adulthood), indi-



viduals supply efficient units of labor, pay a lump-sum tax, repay educational loans, consume final
goods, and save any remaining income. In the final period (old age), individuals retire and consume
final goods. Members of the cohort born in period ¢ — 1 become active workers in period t; thus,
we call this cohort generation t. The population size is constant and normalized to one. In the first
and second periods of life, individuals are endowed with one unit of time. In the first period, they
spend e; units of time on education and 1 — e; on leisure. In the second period, they devote I; units
of time to working in the labor market and spend 1 — [; on leisure. Individuals derive utility from
leisure in the first and second periods, their own consumption during adulthood c; ¢, and their own

consumption during old age c2¢11. The lifetime utility of individuals in generation ¢ is expressed as

up = ylog(1l — et—1) + B{d[log et + ylog(1 — ;)] + 6 log cyy1}- (1)

where the positive parameter v denotes the weight of leisure, and § € (0,1) is the long-term
discount factor. Since we assume that S € (0, 1], agents evaluate current utility more heavily
than future utility. In other words, S is a parameter denoting present bias. Behavioral economics
studies consider two types of agents. First, sophisticated agents understand that their preferences
change over time. In this model, they know that their future selves will also have the present
bias parameter S and plan accordingly. In other words, they recognize that their future selves
will maximize logc; + ylog(1 — I;) + 80 1og ¢i41 in the second period. Second, naive agents do not
understand that their preferences change over time. In this model, they believe their future selves
will not exhibit present bias, and therefore, they expect no deviation from their current plans. That
is, they believe their future selves will maximize log ¢; 4+ log(1 — ;) +d log ;41 in the second period.
In this study, we consider the case where all agents are naive.

Individuals divide their income w:hil; between consumption, repayment of educational loans,
payment of a lump sum tax, and saving s; for old age. Here, w; and 7 are the wage rate for efficient
units of labor and the lump-sum tax, respectively. R; represents the gross interest rate in period t.
Individuals must repay the borrowed funds plus interest, but the government subsidizes p percent
of the repayment amount. In addition, they receive R;i1s; in their old age, which is their savings

plus interest. Thus, the budget and time constraints for individuals in generation ¢ are expressed



as follows:

ct+ 5t + (1 — p)Rexp—1 + 70 = wihyly, (2)

cry1 = Riv18¢. (3)
We assume that the human capital production function is given by the following expression:
he = d(es—1hi—1) x =7, (4)
where ¢ and o are parameters. h;_q reflects externalities from the human capital stock of parents.

2.2 Firm

Assuming that there are many competitive producers with constant-returns-to-scale production

technology, the aggregate production function of the economy is given by:
Y; = AKPLIT®, 0<a<1, (5)

where Y;, Ky, and L; denote aggregate output, physical capital, and effective labor employed in
period t, respectively. A; is the productivity parameter and satisfies A > 0. The profit maximization

conditions are:

wi=(1—a)A <IL{> (6)
Rt_aA<Lt>a 1 (1)

2.3 Government

The government collects lump-sum taxes from individuals and subsidizes p percent of the repayment
of educational loans. The subsidy is financed by a balanced budget. Therefore, the government’s

budget constraint is:

Tt = pRt%ﬁfl- (8)



3 The agent’s optimization problem

In this study, we consider the case in which all agents are naive. From (1), (2), (3), and (4), in the

first period, the young agent solves the following utility maximization problem:

max  ylog(1 —e;—1) + B{d[log c; +vlog(1 — )] + 6 log cry1},
s.t. ¢+ s = ’U)thtlt — Rtﬂft_l — Tt,

Ct4+1 = Rt+1$t,

he = (er—1hi—1) w7

Combining the first-order conditions and (8), we obtain the following solutions:

Bé(1+6)(1 —p)o

B0 o o) )
Ca+ai-p
)T e ey B 10)
(1= o)l(p)iehy _
T AR ()
. (5(0 — p)?f}tht _ §
CETEU ) -
1, .
Ct = gst = Ct, (13)
Ct+1 = Rtgt = ét+1. (14)

We define the right-hand sides of (9) to (14) as é(p), Z(p), Ty, 8¢, ¢, and ¢441, respectively. Young
agents of generation t solve the above optimization problem at time ¢t — 1. Therefore, they must

99~

predict future variables. The variables with a represent the values predicted by young agents.
As we will see later, the labor supply determined by the young agent differs from that determined
by the adult agent. The naive agent believes that the labor supply chosen in the first period will
be the same as that chosen in the second period, so actual and predicted values differ.

In the second period, the naive agent discounts the utility of the third period. The values of

er—1 and xy_1, determined in the first period, cannot be changed in the second period. Therefore,

from (2), (3), (9), and (11), the adult agent solves the following utility maximization problem with



e;—1 and ;1 given:

max logc, + vlog(l — Iy) + Bdlog ¢y,
st. o+ s =wihyly — (1 — p)Rywy—1 — 74,
ct41 = Ry,
et—1 = e(p),

Tt—1 = Tt-1.

We obtain the following solutions:

1+p56 v(1 - U)i(ﬂ)wtﬁth =
= —~ El ,
R e T T T 1)
_Bo _ Bl - o)l (p)ithy Ry
R i T T gy 16)

We define the right-hand side of (15) as l;(p). We make the following assumption to ensure positive

equilibrium savings:

Assumption 1.

p<o

4 Equilibrium

4.1 Market equilibrium

We first describe the labor market equilibrium condition. Effective labor is used for the production
of final goods. A naive agent determines a different labor supply in the first period from that
in the second period. However, the naive agent in the first period believes that the labor supply
determined in that period will be the same as in the second period. Therefore, they predict that

the following labor market equilibrium will hold in the second period at time ¢ — 1.



where L; denotes the labor supply at time t predicted by the young at time ¢ — 1. This equation
implies the following assumption: a naive agent predicts that the other agents will also behave
as naive agents.! Hereafter, we will also adopt it. In reality, adults at time ¢ solve the utility

maximization problem again at time ¢. Therefore, the labor market equilibrium at time ¢ is

Ly = li(p)hy. (18)

Next, we describe the equilibrium condition of the asset market. The asset market equilibrium

condition is:

st = Kiy1 + x4, (19)

The left-hand side of (19) is the saving volume of adult individuals. The right-hand side is the sum
of investment in capital and demand for education funds.

From (4) and (9), the predicted value of h;y; for the young at time ¢ is

his1 = ¢(&(p)he) 7z 7. (20)

From (11) and (20), we obtain:

é(p)hi. (21)

From (6), (7), and (17), we obtain:

UA)t_A,_l . (1 — Q)Kt_t,_l

— = - (22)
R aliyy
From (10), (17), (21), and (22), we obtain:
. 1
1-— 1-— K i
2y = ( ) ( o)oKt &(p)he. (23)

a(l = p)hii

From (20) and (23), we find that z; is a function of Kt—i—l and h;. Therefore, we denote z; =

!This assumption adopted by Gabrieli and Ghosal (2013), Ojima (2017), and Futagami and Maeda (2023).



2(Kyy1,he). From (19), we obtain:

st = Kip1 + 2(Kop1, he). (24)

The value of s; is determined by adults at time ¢, and is therefore given for the young. The value
of z; has already been determined at time ¢, so it cannot be changed at time ¢ + 1. From (24), the
young predict Ky to satisfy s; = Kt+1 + l’(Kt+1, ht) at time t. At the end of time ¢, s; and x; are
determined, and R’Hl = K41 is established to satisfy (24). Therefore, the predicted value of Ky
is the same as the realized value. When K1 is given, iLt+1 is determined to be ith = hy41 using

(20) and (23). Therefore, we rewrite (17) as follows:

Lig1 = U(p)hit1- (25)

From (6), (7), (10), (15), (18), and (25), we obtain:

e
WO = T B —p) o —p) ) (26)

We define the right-hand side of (26) as [(p). From (6), (7), (16), (25), and (26), we obtain:

(27)

St =

U= eBilo—pA__ [
(14+86)1—p)+~(—p) " Lip)]

where we define k; as k; = Ih%t

4.2 Dynamics

The dynamics of this economy are characterized by k. From (10), (20), (23), Kiy1 = Kiy1,

hiy1 = hiy1, we obtain:

heyt o [(—a)(1—0)p] = 1=o _



ke 41
A 45°

ki1 = q)(kt)

Figure 1: The dynamics of k;

We define the right-hand side of (28) as 1+ g, . From (18), (19), (23), (25),(26), and (27), with

Kiy1 = Kty1, and hyy1 = hey1, we obtain:

1

]’ ek (29)

(1 —-a)Bo(oc—p)A ke \Y iy [—a)(1-0)¢
(1+B)(1 = p)+~(c —p) (l_(p)> = e [ a(l—p)

By substituting (28) into (29), we obtain:

ki1 = (1 =p) { (1—a)?B6(c —p)(1—0)A ) }U
T A —a)(1=0)p L1+ B0)(1—p)+~(c—p[l -0+ alo—p))elp)l(p)®

k?a = q)(kt)

(30)

We define the right-hand side of (30) as ®(k;). We find that ®(0) = 0, ®'(k;) > 0, ®"(k;) < 0,
limy, o ®'(k:) = oo, and limg, ®'(k;) — 0. Therefore, the phase diagram is shown in Figure 1.
From Figure 1, the economy converges monotonically to the unique steady state. We define the

steady-state value of k; as k*. From (30), we obtain:

. _ a(l —p) (1—a)?B83(c — p)(1—0)A o\ Tas
- <(1 —a)(l1-0)¢ { (14 B8)(1 —p) + (o — p)][l — 0 + alo — p)le(p)l(p)> } > (31)




From (14), we obtain:

T4+gve= 14+ grk)*(1+ gne)- (32)

where we define 1 + gy and 1 + g as 1 + gy = YtTtl and 1+ gy = % In the steady state,

gr.+ = 0 holds. Therefore, from (33), we obtain:

9yt = Gh,t- (33)

From (28), (31), and (33), the steady-state growth rate gy is given by:

(1—a)o 1—ao
Ltay =00 ep) ) (34
a 1—0o
where €2 = {(1 —a)’B6(1 —0)A [ % ] }17&70 and A(p) = =g )
(1-a)(1+B0)(1—-0)¢ [(14+88)(1—p)+v(o—p)1 =2 [l—o+a(oc—p)]

We obtain Proposition 1.

Proposition 1. We define ¥(p,c) and Y (o) as V(p,0) = —a(l —a)(1+ B5+7)(p—0)? — a(l +
(1

BS+y)1—0o)(p—0o)+ (1+B6)(1—0)? and T(o) = 70[)70(1;?;;???5[)17(17&)0] , respectively. We
also define & as the value of o such that ¥(0,0) = Y(o) holds. If o > &, there exists a value of p

that maximizes the steady-state growth rate gy .
Proof. See Appendix A. O

If p increases, government expenditure on education increases. Therefore, human capital accu-
mulation is promoted, and the growth rate increases. However, a higher p also reduces disposable
income because taxes are increased to fund government education spending. Therefore, individu-
als’ savings decrease, investment in physical capital declines, and the growth rate falls. Hence, an
increase in p has an inverted U-shaped effect on the steady-state growth rate gy.

We obtain Proposition 2.

Proposition 2. As [ increases, the scholarship subsidy rate p that mazimizes the growth rate

decreases.
Proof. See Appendix B. O
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As [ rises (i.e., present bias decreases), the level of effort put into education, e;, increases.
Due to the complementarity of the education production function, investment in education through
goods, x¢, also increases. Therefore, goods tend to be used excessively for education. In this case,
the growth rate would increase if the proportion of scholarship subsidies were reduced, the amount
of investment in education x; were moderated, and more resources were allocated to physical capital

investment.

5 Numerical Analysis

In this section, we demonstrate how a scholarship subsidy affects welfare and growth quantitatively.
First, we consider the impact on social welfare, defined as the discounted sum of each generation’s
welfare, as in Grossmann (2007). We numerically show that the subsidy rate that maximizes
economic growth does not necessarily coincide with the subsidy rate that maximizes social welfare.
Second, we demonstrate how changes in the subsidy rate affect each generation’s welfare over time.

We choose the parameters of the model such that the growth rate fits empirical observations for
advanced countries. There are seven structural parameters: {a, 3,7,0,0, ¢, A}. We set the capital
share « to 0.33. As explained earlier, § is the parameter denoting present bias. As 8 approaches
1, the bias diminishes, implying that the agent becomes more time-consistent. To evaluate how the
magnitude of present bias quantitatively changes the results, we conduct numerical analyses using
various values—specifically 0.6 and 0.7—based on the behavioral economics literature. In line with
Cipriani and Fioroni (2024), we set the weight of leisure in youth and adulthood, =, equal to 0.2.
We regard one period in this overlapping-generations economy as 25 years and set § = (0.98)%.
A large number of studies on economic growth in OLG frameworks employ a Cobb-Douglas-type
human capital production function. As most set the elasticity parameter between 0.6 and 1 in
numerical analyses, we adopt an intermediate value of o = 0.8. Following Cardak (2004), we set ¢
at 1.6. The remaining parameter, A, is calibrated to match the observed growth rate in advanced
countries. Assuming an annual growth rate of 2%, the corresponding targeted growth rate over 25

years is approximately 1.64.
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5.1 Social welfare

Following Grossmann (2007), we define the social welfare function as

W = Z 5t‘/;fa (35)
t=0

where € € (0, 1) is the time preference rate of the social planner. In the following numerical analyses,
we adopt an intermediate value, setting € = 0.5. Substituting solutions (9), (10), (13), and (14)

into (1), we obtain the indirect utility of the ¢-th generation as follows:
Vi = ylog[l — &(p)] + Bylog[l — I(p)] — BSlog 6 + BS(1 + 6) log & + B6%log Rer1.  (36)
Substituting (36) into (35) and rearranging the equation, we derive

W= 1 {yloglt - elp)] + 8 loglL - i(p)] - 831055 + 58 log o

1—¢
(1 —a)d(o — p)Ahg k*
+55(1 + 0) log A+ =p) T —p) + Béla(1 4+ 25) — §]log i) }
T os(1+ 1), (37)

where hg denotes the initial value of human capital, and we set hg = 1.

Social welfare and Growth rate Social welfare and Growth rate
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Figure 2: Numerical examples of social welfare and the growth rate. The horizontal axis represents
the scholarship subsidy p € [0,0). The left and right y-axes represent social welfare and the growth
rate, respectively. The solid line shows social welfare; the dashed line indicates the growth rate.

Figure 2 compares the scholarship subsidy rate that maximizes social welfare with the one that
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maximizes the growth rate. In all three cases, the growth rate exhibits an inverted U-shape, indicat-
ing that a positive subsidy rate maximizes growth. However, social welfare decreases monotonically
with p. Therefore, we confirm that the subsidy rate that maximizes economic growth does not

necessarily coincide with the rate that maximizes social welfare.

5.2 Generation’s welfare

We examine the effect of policy changes on each generation’s welfare in this subsection. To evaluate
each generation’s welfare, we take the period of their birth as the reference point. In other words,
the t-th generation’s welfare is measured from the perspective of period ¢ — 1 (young). Therefore,
all variables from period ¢t onward are predicted variables. Substituting (13) and (14) into (36), the

t-th generation’s welfare can be rewritten as follows:

Vi = ylog[l — é&(p)] + Bylog[l — (p)] — Bdlogd
(1—a)d(o — p)A ]B [ it r
)

+55<1+5>1°g[(Ha)@_p)ﬂ((,_p) N7

+ 862 log [aAi(p)l—%g;f} . (38)

Because the predicted value of human capital h; appears in the fourth term of (38), the welfare level
varies across generations. Changes in the subsidy rate p influence a generation’s welfare through
three channels: First, they affect the optimal choices of educational effort €(p) and predicted labor
supply ] (p). Second, they alter the predicted value of capital per unit of human capital, I;:f . Third,
they impact the growth rate of human capital, gy,.

Suppose the economy is in a steady state at time zero. The government raises the scholarship
subsidy from p =0 to p = 0.2 at time 1. Figure 3 shows the welfare levels of each generation with
and without the policy change. Regardless of the degree of present bias, increasing the subsidy rate
slightly reduces welfare for the next generation. However, the policy promotes human capital accu-
mulation, resulting in a higher growth rate. Due to this increased growth rate, welfare eventually

exceeds the level observed without the policy change.
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Figure 3: Response to a change in the subsidy rate.

6 Conclusion

We constructed an overlapping-generations model with endogenous education choice and hyperbolic
discounting preferences. We showed that there exists a growth-maximizing subsidy rate for educa-
tional loans. In addition, a stronger present bias raises the growth-maximizing subsidy rate. This
result arises because more impatient agents invest less in education and accumulate less human

capital. Consequently, economic growth declines, requiring higher subsidies to restore it.

Appendix

Appendix A: Proof of Proposition 1

From (34), we obtain:

d;];/ _ (11—_002259 [é(p) WA(;})] = {(11__ o;)a éé'((g - [_A’(p)] } (A1

From (28), we obtain:

(1—a)aé(p) (I-a)yo
o o) (- T BAT O] (42)

From (A2), the right-hand side becomes (1—a)y o) when p = ¢. In addition, the right-hand side of

BS(1+6)(1—

(A2) increases monotonically with p for 0 < p < o. From A(p) = [(1+ﬁ5)(17p)+'y(ai;ﬁ1_a[1fcr+a(0'fp)]

and ¥(p,0) = —a(l—a)(1+B5+7)(p—0)? —a(l+B5+7)(1 —o)(p—0c) + (1 + B5)(1 — 0)?, we

14



(1+B8(1—-0)?

0 / o \=p

Figure 4: The shape of ¥(p, o)

obtain:

~N(p) Y (p,0)
Ap) (0PI B0 —p) 10 Pl —o T ale—p] (A3)

The shape of ¥(p,o) is shown in Figure 4. From the figure, we find that lim,,, ¥(p,0) = (1 +
B6)(1—a)2. As p to o, the denominator of (A3) approaches zero. Therefore, —% —o00asp—o.
In addition, the denominator of (A3) decreases monotonically with p for 0 < p < o, and from

Figure 4, the numerator increases monotonically. Therefore, the entire expression in (A3) increases

monotonically with p in that range. The relationship between (A2) and (A3) is shown in Figure 5.

From the figure, if —% < (11__62_)0 i?/((?))’ then —% crosses %zé—g from below. From (A2), we
obtain:
(1-a)wd©®) _(-an A
1—0 e0) ~y+pB51+6)
From (A3), we obtain:
N O) ¥(p.0) | A5)

A0)  o(14 86 +70)1—(1—a)o]
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N N

1 -y (1-a)oe'(p)
BS(1+86)(1 - 0)? 1-0 &(p)
. :
|
|
- > P
0 / p o
—
Figure 5: The shapes of %ig )) and —//\\/((5 ))
From (A4) and (A5), we obtain:
_A(0) - (1 —-a)oé(0)
A(0) 1-—0 e(0)’
v(0,0) < Y(0), (A6)

where ¥(0,0) = —a(1 —a)(1 + By + 7)o + a(l+ 5 +7)o(1 — o)+ (1 + 36)(1 — ¢)? and Y(0) =

(1_Q)W(ljfgggi)é[)l_(l_a)a]. The shapes of ¥(0,0) and Y (o) are shown in Figure 6. From the figure,

we see that ¥(0,0) = T (o) has a unique solution with respect to . We define this solution as &.

If 0 > &, then there exists a value of p that maximizes the steady-state growth rate gy .

Appendix B: Proof of Proposition 2

From (A1), we obtain:

d(1-ajoe(p) (1 —a)y6(1 4 b)o?
ds 1—a é(p) [v(0 = p) + Bo(1 + 9)(1 — p)o]?

<0, (39)
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14

—a(l—-a)(1+B5+y) | 7777777777777 777 Y(0,0)

Figure 6: The shapes of ¥(0,0) and Y (o)

From (A3), we obtain:

d [_A’(p)]:[( (L+a)yd(l —o) 0. (40)

ag [ Alp) 14 B0)(1 = p) + (0 = p))?
From (39) and (40), we obtain Figure 7. From Figure 7, as [ increases, p decreases.

AN
1 N(p)

L (1—a)aé'(p)
1-0 &(p)
> p

Figure 7: The effect of 3
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