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Abstract

In our modern economy, we face serious environmental problems due to the pollution
by the firms and households caused in the production and consumption process. The
forest stock in many countries is functioning to purify. However, individuals usually do
not cultivate since forest is public goods in nature. The forest stock is dying in many
countries, and the world environment is rapidly deteriorating. The government must

maintain the clean environment to attain the sustainable growth of the economy.

In this paper, we consider the economy in which one generation produces goods and
pollution in the production process and the government plans to invest for cultivating
the forest to preserve the environment for the next generation. We suppose that the
government imposes taxes to finance the cultivating costs for environmental
preservation.

We derive the optimal conditions for investment of capital and cultivating forests for
future generation in the steady state economy. We analyze whether or not the
government policy to invest for cultivation of forests, and financing by income tax and
consumption tax, can attain the efficient state.

We conclude that in the case where the government uses consumption tax, the income
level is lower than the level of income in the social optimal case. The steady state
pollution level in this case is lower than the social optimal one, so the forest stock level

is also lower than optimal.

Key Words: Forest Preservation Tax, Optimal Sustainable Growth of Forest

1. Model

We consider an economy in which individuals live for one period. We call individuals
who live in ¢ period the ¢ generation. The number of individuals in each period is
assumed to be constant. They produce goods using capital stock, left by the older
generation. Individuals allocate the produced goods to their consumption, investment
for capital stock and forest cultivation. We assume that the production process

generates pollution, which damages individual life, and the forest stock can purify the



pollution.

An individual of ¢ generation is supposed to have a separable utility function,

u(en, Ze) + (1 + 8)ulepen Zesr) €Y)

where, ¢;, and c;;, are the amounts of consumption of generation t and t + 1 in the
period ¢ and #+1, respectively. We assume that the utility function is invariant over
generations.

We define the following variables, v, I, IM, K;, M, p, {, and Z, as products, investment,
forest conservation investments, capital stock, forest stock, in the period ¢, and «a, 8, m
as the rate of pollution produced by the capital stock used in the production process, the
purification rate of pollution by the forest stock, and the rate of the forest growth by
cultivation, respectively.

The following relations must be satisfied in any period:

=y~ I =1 (2)
ye = f(Kp) 3)
Ky = (A —p)Ke +1; 4)
My = (1= M, +mI} (5)
Zy = aK, — BM, (6)

2. The optimization problem

We define the social welfare function as
W=D ulcirnZesd) (1+6)70 )
=0

where, § is the social discount rate which is assumed to be equal to the individual’s.

Then the optimal problem is

o

Mag > U(CoreZese) (1+8) 704 B-1)
=0

I 1M

subject to (2) -(6).

We define the state evaluation function:



J (K, My) = IInIE}&({u(Ct:Zt) + (14 8) 7Y (K1, Mei1)} ©-1

We restrict our attention to a steady state path, assuming that an optimal choice

exists and converges to a steady state. Then, we obtain
Jk =mJy, (10)
Furthermore, on the steady state path, the following relations must hold:
Jk = ucf'(K) +uza + (1 +8)7" (1 —p) (11)
Ju=-uf+Q+8)"Yy(1-0 (12)
Using (10), we have the optimal condition in the steady state:

uf'(K)+uza  —uymp
S+p T 85+¢

(13)

The left-hand side of (13) is the social marginal benefits of one unit of the investments
in capital stock, and the right-hand side of (13) is one of the units of the investment in

the forest stock.

3. Individual behavior and the government: the income tax case

In this section, we assume that the government imposes the income tax T; to finance
the cost of forest cultivation investment and the government determines the tax rate so
as to maximize individual welfare subjected to individual behavior and the government

budget equation.

Tiy: = Igw (14)

We assume that the utility of the individual is the sum of his own utility and the
discounted utility of his child. And that the individual chooses his own consumption and
investment for the capital of his child to maximize his utility, subject to his budget and
the existing stock of inherited capital and forest inherited by his parent.

Then we formalize his maximization problem of generation ¢ as



(o8]

n;gxz U(Crrrr Zere)(1 + 8)E+D ®-2)

7=0
subject to
a=0A=-T)y:— I "
ye = f(Kp) (3)
Kipn = (A —p)Ke + 1 (4)
Miyr = (1 =M, + mT.y, (5"
Zy = aK, — M, (6)

We define the evaluate function as:

J(K, M) = mIaX{ u(e, Zy) + (1 + 5)_1](Kt+1'Mt+1)}- 9-2)

Then, the optimal condition of the individual restricting the case of the steady state is:

ue = (1+6)7"Yx (15)

The individual invests so as to satisfy (15). The government chooses the tax rate 7’

so as to maximize the social welfare (7). The state evaluates the function of government

in this case as

J(Ke, M) = mTatlxu(ct,Zt) + (1 +8) Y (Kpp1, Mi1) 9-3)
The first conditions on the steady state path are:
Jk =@+ 8)u, (16)
miy = (1+8)u, 17)
From (16) and (17), we obtain
(18)

Jk =mJy

Furthermore, on the steady state path, the following condition must hold:



Jk = ucf'(K) +uza + (1 +8)~ (1 - p) (19)

The conditions (18) and (19) are the same as the first best conditions (11) and (12) in
the social optimization problem. Then, we conclude that the government tax policy,
which levies the income tax to finance cultivation, can attain efficiency in the steady

state.

4 . The consumption tax case

In this section, we assume that the government imposes the consumption tax to
finance the cost of forest cultivation investment. The government then determines
the consumption tax rate to maximize individual welfare subject to individual behavior

and the government budget equation:
(Te = Ve, = Igw (20)

The maximization problem of generation zin this case is

[o¢]

max )" u(Coper Zes) (1 + ) (8-3)
7=0
subject to
Tice =ye— It 2"
ye = f(Kp) 3)
Kiy1 = (A —p)Ke + 1 (4)
Miyr = (1 — QM + m(T, — 1)c, (5"
Zy = aK, — BM, (6)

The first-order conditions of the individual maximization problem on the steady state

path are,
—u T+ (1 +8)Ye=0 (21)

The government determines the tax rate to maximize the social welfare function with

individual behavior given. The maximization problem of the government is:



(o8]

m;;xZ U(Corn Zesr) (1 + 8) 4D, B-14)

=0

subject to the budget constraint (20) and individual behavior (21).
We have the following three optimal conditions by the same procedure as the previous

section:

Jx = ucf'(K) +uza+ (1 +8)"Ye(1—p) (22)
Ju==uB+A+8)Yy(1-9 (23)
Jk =m/y (24)

On the steady state, using (22)-(24), we have the optimal condition in the steady state in

this case:

uf' (K)/T +uza  —uzmp
S+p T8+ ¢

(25)

Since 7'is larger than 1, in the case of the government use of consumption tax to
finance cultivating cost, the left-hand side of (25) is less than the right-hand side.
Therefore, in the consumption tax case, the income level is lower than that of the social
optimal case. The steady state pollution level in this case is lower than the social

optimal case, so the optimal forest stock level is also lower than the optimal case.
Appendix.

We consider the same economy as before, except that goods are produced using forest
stock, inherited from the older generation. We assume here that individuals allocate the

produced goods to their consumption, and investment for forest cultivation.

A-1. The social optimization problem

We define the social welfare function as



W= ulrrnZene) (1+6)7ED
=0

(A-1)

6 1s the social discount rate which is assumed to be equal to that of the individual one.

The optimization problem is to determine the allocation of forest inputs, M{ and

cultivationI, subject to the following relations:
=y —1{
ye = f(M{)
Mepr = (1= (M, — M{) +miI!
Zy = O(Mf — B(M, _Mf)
We define the state evaluation function:
JM,) = nﬂ%ﬁiﬁ{u(ct’zt) + (1 +8) 7Y (M)}
subject to (A-1) -(A-5).
Driving the first-order conditions, we have

du dc; Ou 0Z;

Mt+l

d
+ 1 +8) Yy,

— =5t =0
dc, oM} 9Z, aMP oM,

du dc; Ou 0Z; 1 6Mt+1
OctalM A alM + A+ Um0 - =0

The following relations are satisfied:

dc;

— = f'(MF
dc;
—— =1
Y
92z =a+f
oMP

(A-2)
(A-3)
(A-4)
(A-5)
(A-6)
(A=T7)
(A-8)
(A-9)
(A—10)
(A—11)



aI_M = 0 (A - 12)
t
oM
= (1= (A-13)
t
OM¢yq
61{” (A—-14)

Substituting (A-10)-(A-14) into (A-7) and (A-8), respectively, we have
uf' M) +uz(a+B)— (A +8) Yy, 1-¢)=0 (A-15)
~u + (1 +6) " mjy,,, =0 (A— 16)
In the steady state, (A-15) and (A-16) become
| uf'(ME) +uz(a+B) — (146 Yy(1—-)=0  (A—17)
1+ 8u. =mjy (A—18)
By substituting (A-16) into (A-15), we have,
ucf' (M) + uz(a+ B) = (1 = QJue/m (A—-19)
We restrict our attention to a steady state path, assuming that an optimal choice

exists and converges to a steady state. On the steady state path, the following

conditions are satisfied:

cu, 0%y 95y g 4 gy, e A—20
]M - uC aMt uZ aMt ( ) ]M aMt ( )
Where,
oct _ 0 A—21
aMt - ( - )
0Z; _ A—22



OMiyy _

i = 1¢ (A—23)

We obtain the following equations in the steady state,

Ju=—uzf+ A +8)" (1= (A—24)
= g+¢ A—25
—uzp = m]M (A—25)

Substituting (A-18) into (A-25), we have

_uymp

Ue =57 (A —26)

Then, using (14), we have the optimal condition for M} in the steady state:

uzp

ucf (M) +uz(a+ f) = — 57—

(4-27)

The left-hand side of the equation (A-27) is the social marginal benefits of one unit of
the forest used in the production, and the right-hand side of the equation is the
marginal benefit of one unit of the investment in the forest stock received by future

generations.
A-2. Government and individual behavior

In this section, we assume that the government imposes the income tax T; to finance
the cost of forest cultivation investment and that the government determines the tax
rate so as to maximize social welfare subject to individual behavior and the government
budget equation.

Tey: = Iéw (A—28)

We assume that the utility of the individual is the sum of his own utility and the

discounted utility of his child. And that the individual chooses his own consumption and



investment for the capital of his child to maximize his utility, subject to his budget and
the existing stock of inherited capital and forest inherited by his parent. Then his

maximization problem of generation £is:

[oe]

max " u(Crsr, Zea)(1 +8)"H0 (A-29)
Me =0
subject to
e =A-T)y: (A—-30)
ye = fMf) (4A-31)
Z; = aMf — B(M, — MP) (4-32)
My = (1= M, + mTyy, (A—-33)

We define the evaluation function as:
J(M,) = max u(cy, Ze) + (1 + 86)7 (Meyy) (A—34)
t

Then, the optimal condition of individual is,

dc; 0Z;
U p Tt Uz 5
comf oM/

oM
+(1+8) Y, a]\;;l =0 (A — 35)
t

u(1=T)f' M) +uz(a+p) + A +8) Yy, mTf M) =0  (A-35)

For the state variable M;, we obtain

cu 0%y 95 g sy, Men A—36
]Mt - uC aMt u’Z aMt ( ) ]Mt+1 aMt ( )
Ju, = —Buz + (A +8) Yy, A-0 (A—36")

We restrict the case of the steady state. The eq. (A-35’) and (A — 36’) become:
u(1=T)f'(MP) +uz(a+B) + (1 + &)~ YymTf' (MP) =0 (A—37)
Ju=—Puz + (1 +8)y(1-7) (A—38)
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1735 Im (A—38")

—Puz =

Considering the individual’s behavior (A-37) and (A-38), the government chooses the
tax rate 7 to maximize the social welfare (A-29). The state evaluation function of

government in this case is,

J(M) = mT?Xu(Ct:Zt) + (1 +8)7 (M) (A—39)

The first-order conditions are:

oM
—uye + (1 +8)Yy,,, 67{:1 =0 (A — 40)
—uc+ (1 +68)"Yy, m=0 (A —41)

For state variables, the following conditions are also satisfied:

Ju, = —uzB + A+ 8"y, A=) (4 —42)
We restrict the steady state path, and then have:

—u+1+8)Yym=0 (A—43)

(A-37) is:
U f' M"Y +uz(a+B) — (e + A+ Yy)mTf' (MP) =0  (A—44)

The last term in (4 —39) is 0 from (4 —38) and (4 —39) is for any 7T

ucf'(M") +uz(a+p)=0 (A—45)
The efficiency case requires that this term should be positive as (A-27) shows. Then,
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we conclude that any income tax on income to finance cultivation cannot attain
efficiency. This condition means that the marginal benefits of consumption equal to the

marginal disutility of pollution of present generation are equal.
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